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To each k-dimensional subspace of an n-dimensional vector space over 
GF(q) we assign a number p and a partition of p into at most k parts not exceed- 
ing n - k, in such a way that exactly q’ of the subspaces map into a given 
partition. The construction may also be regarded as an order-preserving map 
from k-dimensional subspaces into k-element subsets. 
Let 
0 E,= 
(q” - 1) . . . (q-+1 - 1) 
(qk - 1) *** (q - 1) 
denote the q-generalization of the binomial coefficient (3, and let V be an 
n-dimensional vector space over a field of q elements. It is well known [l] 
that (;), is the number of k-dimensional subspaces of V. It is also well 
known (although perhaps to a different set of people) that (z)), is the gener- 
ating function, in powers of q, for partitions into at most k parts not 
exceeding n - k; an interesting combinatorial proof of this fact was 
given by Sylvester [2, p. 2691. The purpose of the present note is to 
point out a fairly natural connection between subspaces and partitions, 
in order to account for the fact that the same quantity (3, occurs in both 
contexts. 
Let us represent the elements of Vas n-tuples (x1 ,..., x,) of elements of 
the field. If Uis a k-dimensional subspace of V, we can find a “canonical” 
basis 
4 = (%I ,**., %d,..., Uk = (hl ,***, %a) 
for U satisfying the conditions 
z+ = 1, I4i.j = 0 for j > ni , Uzn, = 0 tor 1 -c i, 
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for 1 < i < k, where n > n, > n2 > *.* > n, 3 1. For example, if 
n = 9, k = 4, n1 = 8, n2 = 5, n, = 3, n4 = 2, the basis has the schematic 
pattern 
Ml = (Ull , 0, 0, u14 , 0, U16 , u17 , 1, Oh 
%=(%I, 0, 0, %4, 1, 0, 0, 0, 0)s 
us=(uQl,o, 1, o,o, 0, 0, 0, (9, 
t[4=@41, 1, 0, 0, 0, 0, 0, 0, 0). 
The index nl is max{j 1 3(x, ,..., xn) E U, xj # 0}, and in general 
ni = max{j I 3(x, ,..., x,) E U, x,~ = 0 ,..., xni-, = 0, xj # 0}, so it is clear 
that we can obtain a canonical basis of U by a familiar “triangularization” 
procedure. There is a unique canonical basis, since ui is the only vector 
in U such that uin. = 6ij , for 1 < i, ,j < k. 
A canonical basis belonging to a certain choice of n, , n2 ,..., nK has 
exactly 
pi=ni+i-k-1 
unspecified positions in the i-th vector ui ; these numbers form a partition 
Pl 2 P2 3 *.. >pr > 0 
of the number p = p1 + p2 + ... +pI, into at most k parts, with no 
part exceeding n - k. Conversely, every partition of a number into at 
most k parts not exceeding n - k corresponds in this way to a unique 
choice of indices n 2 n, > n, > **. > nk > 1. Since canonical bases 
are unique, each of the qp ways to fill in the p unspecified positions in the 
pattern corresponding to the partition p1 ,...,pk leads to a different 
subspace U. 
Consequently the number of k-dimensional subspaces of V is 
a0 + qq + a2q2 + ... + a,qp + .-., 
where a, is the number of partitions ofp into at most k parts not exceeding 
n - k. 
It is somewhat more natural to think of this construction in terms of 
the set {nl ,..., nk} C (1, 2 ,..., n} instead of the partition (pI ,...,P~). For 
example, if U’ is a subspace of U, and if the set of indices determined by 
U’ is inI’,..., n;.}, then it is easy to prove that {n,‘,..., n;,} L {n, ,..., nk}. 
(For example, we can count the number of subspaces of U having indices 
contained in {n, ,..., nh), showing that all subspaces are obtained; or we 
can extend the basis of U’ to a suitable basis of U.) Thus we have a natural 
order- and rank-preserving map from the lattice of subspaces of V onto 
the lattice of subsets of (1, 2 ,..., n}. 
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